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Abstract 
The 2(2s+1)-component relativistic basis spinors for the arbitrary spin particles are established 
in position, momentum and four-dimensional spaces, where 0,1 / 2,1, 3 / 2, 2,...s = . These spinors 
for integral- and half-integral spins are reduced to the independent sets of one- and two-
component spinors, respectively. Relations presented in this study can be useful in the linear 
combination of atomic orbitals approximation for the  solution of generalized Dirac equation of 
arbitrary spin particles introduced by the author when the orthogonal basis sets of relativistic 
exponential type spinor wave functions and Slater type spinor orbitals in position, momentum and 
four -dimensional spaces are employed. 
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 1. Introduction 
     It is well known that the higher spin equations proposed by Dirac [1] have been developed and 
widely discussed in the literature [2-8]. All of these studies, which yield an adequate description 
of spin-s free particles, have many intrinsic contradictions and difficulties when an 
electromagnetic field interaction is introduced (see [9] and references therein). The generalized 
Dirac equations presented in our previous works [10] and [11] for the particles with half-integral 
and arbitrary spins, respectively, are consistent and causal in the presence of an electromagnetic 
field interaction.  
     The elaboration of algorithms for the solution of the generalized Dirac equation for the 
particles with arbitrary spin [11] in linear combination of atomic orbitals (LCAO) approach [12-
14] necessitates progress in the development of theory for complete orthonormal basis sets of 
relativistic spinors of multiple orders. The method for constructing in position, momentum and 
four-dimensional spaces the complete orthonormal basis sets for (2s+1)-component relativistic 
tensor wave functions and Slater tensor orbitals has been suggested in previous article [15]. 
Extending this approach to the case of spinors of multiple order and using the method set out in 
[16], we construct in this study the relevant complete orthonormal basis sets of 2(2s+1)-
component relativistic 
sαΨ -exponential type spinor orbitals ( sαΨ  -ETSO) for particles with 
arbitrary spin in position, momentum and four-dimensional spaces through the sets of one- and 
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two-component spinor  type tensor spherical harmonics and radial parts of the complete 
orthonormal sets of nonrelativistic 
αψ -exponential type orbitals   ( αψ -ETO) [17] the angular 
parts of which are the scalar spherical harmonics. The indices α  occurring in the radial parts of 
αψ  -ETO is the frictional quantum number [18]. It should be noted that the nonrelativistic αψ -
ETO are the special cases of sαΨ -ETSO for s=0, i.e., 0α αψΨ ≡ . 
    The basis sets of relativistic spinors of multiple order obtained might be useful for solution of 
generalized Dirac equation of arbitrary spin particles when the complete orthonormal relativistic 
sαΨ -ETSO basis sets in LCAO approximation are employed. We notice that the definition of 
phases in this work for the scalar spherical harmonics ( )*
l llm l m
Y Y −=  differs from the Condon-







2. Relativistic spinor type tensor spherical harmonics  
    In order to construct the complete orthonormal basis sets of relativistic sαΨ -ETSO and sX -
Slater type spinor orbitals ( sX -STSO) of 2(2s+1) order in position, momentum and four-
dimensional spaces we introduce the following formulae for the independent spinor type tensor 
(STT) spherical harmonics of (2s+1) order (see Ref. [15]):  
























































































































































































                   
(2b)
 
These STT spherical harmonics are eigenfunctions of operators 
2 2ˆˆ ˆ, ,zj j l and
2sˆ . The one- and  
two-component basis sets of STT spherical harmonics ( ),sljmH λ θ ϕ  , ( ),sljmλ θ ϕH  and ( ),
s
ljmY
λ θ ϕ , 
( ),ϒsljmλ θ ϕ  occurring in Eqs. (1a), (1b) and (2a), (2b), respectively, can be expressed through the 
scalar spherical harmonics: 
( ) ( ) ( ) ( ), ( ) ,
s s
ljm ljm m lm
H a Yλ λ λθ ϕ λ β θ ϕ=
                  
(3a) 
( ) ( ) ( ) ( ), ( ) ,
s s
ljm ljm m lm
ia Yλ λ λθ ϕ λ β θ ϕ= −H
                  
(3b) 
( ) ( ) ( )
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for integral spin 





j l t= +
 
2( ) 0, 2,..., 2 ,t j l s= − = ± ±  
( ) ( ) ( )




m m m s and
λ λ
λλ λ β





0 (2) 2 1, , , ,
2
s l s j j s j m j j l tλ≤ ≤ − − ≤ ≤ + − ≤ ≤ = +   2( ) 1, 3,..., 2 ,t j l s= − = ± ± ±
( ) ( ) ( )




m m m s
λ λ
λλ λ β
 − = = − + = −  
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  Here, ( )sljma λ   are the modified Clebsch-Gordan coefficients defined as  
( )( ) ( )sljma lsm s lsjmλ λ λ= − .                                                                                                     (5) 
See Ref. [19] for the definition of Clebsch-Gordan coefficients ( )l llsm m m lsjm− . 
    The STT spherical harmonics ( ), ,sljmH θ ϕ ( ),sljm θ ϕH  and ( ), ,sljmY θ ϕ ( ),sljm θ ϕϒ for fixed s 
satisfy the following orthonormality relations: 
( ) ( ) ( ) ( )
* *
2 22
00 0 0 0
, , , ,
s
s s s s
ljm ljm ll jj mml j m l j m
H H Sin d d H H Sin d d
π π π π
λ λ
λ
θ ϕ θ ϕ θ θ ϕ θ ϕ θ ϕ θ θ ϕ δ δ δ′ ′ ′′ ′′ ′ ′ ′
=
= =∑∫ ∫ ∫ ∫                   (6a) 
( ) ( ) ( ) ( )
* *
2 22
00 0 0 0
, , , ,
s
s s s s
ljm ljm ll jj mml j m l j m
Sin d d Sin d d
π π π π
λ λ
λ
θ ϕ θ ϕ θ θ ϕ θ ϕ θ ϕ θ θ ϕ δ δ δ′ ′ ′′ ′′ ′ ′ ′
=
= =∑∫ ∫ ∫ ∫H H H H                   (6b) 
( ) ( ) ( ) ( )
† †
2 22 1
00 0 0 0
, , , ,
s
s s s s
ljm l j m ljm l j m ll jj mmY Y Sin d d Y Y Sin d d
π π π π
λ λ
λ
θ ϕ θ ϕ θ θ ϕ θ ϕ θ ϕ θ θ ϕ δ δ δ
−
′ ′ ′ ′ ′ ′ ′ ′ ′
=
= =∑∫ ∫ ∫ ∫                      (7a) 
( ) ( ) ( ) ( )
† †
2 22 1
00 0 0 0
, , , ,
s
s s s s
ljm l j m ljm l j m ll jj mmSin d d Sin d d
π π π π
λ λ
λ
θ ϕ θ ϕ θ θ ϕ θ ϕ θ ϕ θ θ ϕ δ δ δ
−
′ ′ ′ ′ ′ ′ ′ ′ ′
=
ϒ ϒ = ϒ ϒ =∑∫ ∫ ∫ ∫  .              (7b) 
 
3. Basis sets of relativistic sαΨ -ETSO and sX -STSO functions 
    To construct the basis sets of  2(2s+1)-component relativistic spinors from STT spherical 
harmonics and radial parts of nonrelativistic orbitals we use the method set out in a previous paper 
[10]. Then, we obtain for the complete basis sets of relativistic spinor wave functions ,s sα αΨ Ψ  
and Slater spinor orbitals sX  in position space the following relations: 
for integral spin  
( )
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,  (9) 
for half-integral spin 
( )
( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )








2 3 , ,
2 1 , ,,1 1
, ,








ljm nlm sm s
ss
ljm nlm sljm m ss
nljm ss





a s rR r Y
r








β ψ θ ϕ
β ψ θ ϕ
β ψ θ ϕ
β ψ θ ϕθ ϕ
θ ϕ






Ψ =   =
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where  1, 1, min( , 1)n s j s n j s l j s n≥ ≤ ≤ + − − ≤ ≤ + −  and              
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) and Slater spinor orbitals
s
nljmK  in position, 
momentum and four-dimensional spaces are defined as 
( , ), ( , ), ( , )
s s s s
nljm nljm nljm nljmK r k Z
α α α αζ ζ ζ βθϕ≡Ψ Φ

                                                                                            (13) 
( , ), ( , ), ( , )s s s snljm nljm nljm nljmK r k Z
α α α αζ ζ ζ βθϕ≡Ψ Φ

                                                                                            (14) 
( , ), ( , ), ( , )s s snljm nljm nljm
sK r U k V
nljm
X ζ ζ ζ βθϕ≡
 .                                                                                         (15)              
    Here, the ( )nlmk
α
λ , ( )nlmk
α
λ  and ( )nlmk λ  are the nonrelativistic complete basis sets of orbitals. They 
are determined through the corresponding nonrelativistic functions in position, momentum and 
four-dimensional spaces by 
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( ) ( ) ( ) ( )( , ), ( , ), ( , )nlm nlm nlm nlmk r k z
α α α α
λ λ λ λψ ζ φ ζ ζ βθϕ≡

                                                  (16) 
( ) ( ) ( ) ( )( , ), ( , ), ( , )nlm nlm nlm nlmk r k z
α α α α
λ λ λ λψ ζ φ ζ ζ βθϕ≡

                                                        (17) 
( ) ( ) ( ) ( )( , ), ( , ), ( , )nlm nlm nlm nlmk r u k vλ λ λ λχ ζ ζ ζ βθϕ≡

.                                                                                 (18) 
See Ref. [20] for the exact definition of functions occurring in Eqs. (13) - (18). 
   The relativistic spinor orbitals satisfy the following orthogonality relations:  




nljm n l j m nn ll jj mmK x K x dx
α αζ ζ δ δ δ δ′ ′ ′ ′ ′ ′ ′ ′=∫
  
                                                                 (19) 
( ) ( ) ( )





2 ! 2 !
s s
nljm n l j m ll jj mm
n n
K x K x dx
n n





                                                                             (20) 
    Using the relation ( )0 0lljm jl mma λλ δ δ δ=  and formulae  
0 ( , ) ( , )
l lljm m lm
H Yθ ϕ β θ ϕ=                                    (21a)
 
0 ( , ) ( , )
l lljm m lm
i Yθ ϕ β θ ϕ= −H                                                                       (21b) 
for the scalar particles it is easy to show that the relativistic spinor functions 
,s snljm nljmK K
α α
and relativistic Slater spinor orbitals 
s
nljmK  for particles with spin s=0 are reduced to 
the corresponding quantities for nonrelativistic complete basis sets in positon, momentum and 
four-dimensional spaces, i.e., ,
l l
s s
nljm nlm nljm nlmK k K k
α α α α≡ ≡ and 
l
s
nljm nlmK k≡ , where 0, , 0,s j l t= = =
0( ) lm m λλ δ=  and lm m= .  Thus, the nonrelativistic and relativistic scalar particles can be also 












α α =  −                                                     
(22a)







α α =  −                                                   
(22b)








=  −                                                     
(23)
     
 
The 6-, 10- and 4-, 8-component complete orthonormal basis sets of relativistic sαΨ -ETSO 
through the nonrelativistic 
αψ -ETO in position space for 
1 3
1, 2 , ,
2 2
s s and s s= = = =  
respectively, are given in Tables 1, 2 and 3, 4. 
 4. Derivatives of 
sαΨ -ETSO in position space 
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    Now, we evaluate the derivatives of  
sαΨ -ETSO with respect to Cartesian coordinates that can 
be used in the solution of  reduced Dirac equations when the LCAO approach is employed. For 
this purpose we use the
sαΨ -ETSO in the following form: 
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 Ψ = = 














                                                                                          (25) 
 
where , ,,s sα λ α λφ φɶ  and , ,,s sα λ α λϕ ϕɶ  are the one- and two-component spinors, respectively, are 
defined by 
 
( ) ( ), ,
nl
s s
nljm ljmR r H
α λ α λφ θ ϕ=                                                                                                              (26a) 




α λ α λφ θ ϕ=
ɶɶ
ɶ ɶ H                                                                                                              (26b) 
( ) ( ), ,
nl
s s
nljm ljmR r Y
α λ α λϕ θ ϕ=                                                                                                             (27a) 




α λ α λϕ θ ϕ= ϒ
ɶɶ
ɶɶ                                                                                                             (27b) 
 
Here, 0 (1) 2sλ≤ ≤  and 0 (2) 2 1sλ≤ ≤ −  for integral and half-integral spin, respectively.  
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      To obtain the derivatives of 







m lm k k m l k m
k
df f
f Y kl b Y
z dr r
β δ β− +
=−
∂  = + − ∂  
∑                                                                      (28) 
 ( ) ( )
1
'
, 1 1 , 1
1
lm
m lm k k m l k m
k
df f
i f Y kl d Y
x y dr r
β δ β− − + −
=−
 ∂ ∂  − = + −   ∂ ∂   
∑                                                    (29) 
( ) ( )
1
'
, 1 1 , 1
1
lm
m lm k k m l k m
k
df f
i f Y kl c Y
x y dr r
β δ β− + + +
=−
 ∂ ∂  + = + −   ∂ ∂   
∑  ,                                                (30) 
where f  is any function of the radial distance r  and  
( )
1/2
1 1( )( ) / 2( 1) (2 )
lm
k k kb l m l m l k l kδ δ= + + − + + + +                                                                  (31) 
 ( ) ( )
1/2
1( 2 )( 1 ) / (2 1 )(2 )
lm
k kd k l km l k m l k l kδ= − − + − − + + +                                                  (32) 
( ) ( )
1/ 2 ,
1( 2 )( 1 ) / 2( 1) (2 ) .
lm l m
k k kc k l km l k m l k l k dδ
−= + + + + + + + = −                                          (33) 
The symbol 
'∑  in Eqs. (28), (29) and (30) indicates that the summation is to be performed in 
steps of two. These formulae can be obtained by the use of method set out in Ref.[21]. 
    Using Eqs. (28), (29) and (30) we obtain for the derivatives of two-component spinors of half-
integral spin the following relations: 
( )
( ) ( )
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1; , ; ,




k ljm k ljm
s s
k ljm k ljm
dR R





α λ α λσ ϕ σ δ
λ θ ϕ λ θ ϕ








+ −  
∑ ɶ ɶɶ
ɶ ɶ    ɶɶ ℏ
                                          (35) 
where,   
( ) ( ) ( )( ) ( ) , ( ); , ,s s lmk ljm ljm k m l k mB a b Yλ λ λλ θ ϕ λ β θ ϕ+=                        (36) 
( ) ( ) ( )( ) ( ) 1 , ( ) 1; , ,s s lmk ljm ljm k m l k mC a c Yλ λ λλ θ ϕ λ β θ ϕ+ + +=                 (37) 
( ) ( ) ( ) ( )
( )
( ) 1 , 1
; , , .s s lmk ljm ljm k m l k mD a d Y
λ





     The formulae presented in this work show that all of the 2(2s+1)-component relativistic basis 
spinor wave functions and Slater basis spinor orbitals are expressed through the sets of one- and 
two-component basis spinors. The radial parts of these basis spinors are determined from the 
corresponding nonrelativistic basis functions defined in position, momentum and four-dimensional 







k  basis sets in position, momentum and four-dimensional spaces can 






nljmK . Accordingly, the 
electronic structure properties of arbitrary spin relativistic systems can be investigated with the 
help of corresponding nonrelativistic calculations. 
5. Conclusions 
    The relativistic basis sets of spinor orbitals for the arbitrary spin particles in position, 
momentum and four-dimensional spaces are constructed from the product of complete sets of 
radial orbitals of nonrelativistic ETO
αψ −  corresponding to the spinor type tensor spherical 
harmonics.  
     The relativistic basis spinors obtained have the following properties: 
(1) The relativistic spinors possess 2(2s+1) independent components.  
(2) The 2(2s+1)-component spinors of integral spin are reduced to the sets of one-component 
spinors. 
(3) The 2(2s+1)-component spinors of half-integral spin are reduced to the sets of two-component 
spinors. 
(4) The relativistic spinors with s = 0 are reduced to the nonrelativistic complete sets of orbitals. 
    Thus, we have described the combined study of relativistic and nonrelativistic basis sets of 
exponential type orbitals for arbitrary spin and scalar particles in position, momentum and four-
dimensional spaces. The method here presented for developing the theory of basis sets of sαΨ -
ETSO and sX -STSO in particularly evident in the application to the solution of different 
problems of describing arbitrary spin within the framework of relativistic quantum chemistry. 
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. The exponential type spinor orbitals in position space for 
1
2
s = , 1 3,n≤ ≤ 0 1,l n≤ ≤ − ,l s j l s− ≤ ≤ +  ,j m j− ≤ ≤ ( )2t j l= − and n n t= +ɶ
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